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We study the classical chaos appearing in a diatomic molecules BeO, CO and CN due to the
interaction with a circularly polarized electric field, and its signature in Quantum Mechanics through
the Wigner distribution function and the Boltzmann-Shannon entropy. We found a motion out of the
center of the quantum phase space defined by Wigner function when the classical system becomes
chaotic, and we found a jumping behavior of the average Boltzmann-Shannon entropy with respect
the electric field strength when the classical system becomes chaotic, indicating a sudden increasing
in the disorder (or sudden lost of information) in the quantum system.
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I. INTRODUCTION
The study of dynamical chaos in atomic an molecular
systems has been of great theoretical and experimental
interest [1–10] since not enough integrals of motion are
found either in classical or quantum systems. Most of
the classical [11–13] and quantum [14–16] approaches
use the Morse potential as a model of interatomic inter-
action [17], and a summary of the classical properties
of diatomic molecules can be found on reference [17].
The chaotic behavior of diatomic molecules due to
double non linear resonances in the action-angle variable
produced by the interaction with a circularly polarized
electric field has been studied [18, 19]. Other approaches
to the study of chaotic behavior on diatomic molecules
have been used [20–24] to determine different aspects
of the system. The most looked signature in quantum
mechanics for a chaotic behavior in the classical system
has been the distribution of first neighbor energies (or
quasi-energies) of the quantum system (GOE, GUE, or
GSE, depending on the symmetry of the Hamiltonian,
for non integrable chaotic case, and Poisson distribution
for integrable case) and the so called ∆3 rigidity [25–27].
However, one needs to mention that the quantum
harmonic oscillator and quantum rotator are integrable
quantum systems without Poisson distribution function
on their eigenvalues.
In this paper, we want to study firstly the classical
behavior of a diatomic molecule under a circularly
polarized electric field to determine the magnitude of the
∗ gulopez@cencar.udg.mx
† pamp.fis@gmail.com
intensity for the system to appear a chaotic behavior.
This will be done with the exact Morse’s potential and
its approximation at fourth order. Secondly, using this
Morse’s potential approximation a forth order, we make
the quantization of the system through Schro¨dinger’s
equation, writing the wave function in terms of the
basis of the harmonic oscillator and angular momentum
functions, and solve numerically the resulting complex
dynamical system for the ground state and several exited
states of the system. Finally, we calculate the Wigner
function [28] and Boltzmann[29]-Shannon[30] (BS)
entropy with this solution, looking their behavior as a
function of the amplitude of the electric field strength to
see a quantum signature of the classical chaotic system.
II. CLASSICAL ANALYSIS
The Hamiltonian of a diatomic molecule interacting
with a circular polarized electric field is given by [15]
H =
P 2r
2µ
+
1
2µr2
(
Pθ +
P 2ϕ
sin2 θ
)
+ U(r)− p ·E, (1)
where µ is the reduced mass of the molecule, (r, θ, ϕ) are
the spherical coordinates of the relative position of the
two atoms (r = |r|), (Pr, Pθ, Pϕ) represent their linearly
generalized momenta, p = qr is the dipole moment of the
molecule (q is the charge), E = (E0 cosωt,E0 sinωt, 0) is
the circularly polarized electric field with frequency ω
and amplitude E0, and U(r) is the Morse’s potential,
U(r) = D
[
1− e−a(r−r0)]2, (2)
with D, a, and r0 being constants which depend on the
molecule. The radius r0 is such that U(r0) = U
′(r0) = 0,
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2U ′′(r0) = 2a2D, U ′′′(r0) = −6a3D, and U iv(r0) =
14a4D. Using the new variable ξ = r − r0 and since
P 2θ + P
2
ϕ/ sin
2 θ = L2 represents the total angular mo-
mentum of the molecule, the Hamiltonian (1) and its
approximation at fourth order can be written as
H =
P 2ξ
2µ +
L2
2µ(ξ+r0)2
+D
[
1− e−aξ]2 (3)
− q(r0 + ξ)E0 sin θ cos(ϕ− ωt)
and
H4 =
P 2ξ
2µ
+
1
2
µω2oξ
2 +
L2
2µr20
[
1− 2ξ
r0
+
3ξ2
r20
− 4ξ
3
r30
+
5ξ4
r40
]
−a3Dξ3 + 7
12
a4Dξ4 −Wξ sin θ cos(ϕ− ωt), (4)
where W = qE0 is the electric field strength, and the
time average term
−E0〈r0q sin θ cos(ϕ− ωt)〉 has been absorbed in the def-
inition of this Hamiltonian [18]. The Hamiltonian dy-
namical systems generated by (3) and (4) are
ξ˙ = Pξ/µ (5a)
P˙ξ =
L2
µ(ξ + r0)3
− 2aD[1− e−aξ]e−aξ (5b)
+W sin θ cos(ϕ− ωt)
θ˙ = Pθ/(ξ + r0)
2µ (5c)
P˙θ =
P 2ϕ cos θ
sin3 θ(ξ + r0)2µ
(5d)
+W (r0 + ξ) cos θ cos(ϕ− ωt)
ϕ˙ = Pϕ/ sin
2 θ(ξ + r0)
2µ (5e)
P˙ϕ = −W sin θ sin(ϕ− ωt) (5f)
and
ξ˙ = Pξ/µ (6a)
P˙ξ = −µω2oξ + 3a3Dξ2 −
7
3
a4Dξ3 (6b)
− L
2
2µr20
[
− 2
r0
+
6ξ
r20
− 12ξ
2
r30
+
20ξ3
r40
]
+W sin θ cos(ϕ− ωt) (6c)
θ˙ =
Pθ
r20µ
[
1− 2ξ
r0
+
3ξ2
r20
− 4ξ
3
r30
+
5ξ4
r40
]
(6d)
P˙θ =
P 2ϕ cos θ
sin3 θr20µ
[
1− 2ξ
r0
+
3ξ2
r20
− 4ξ
3
r30
+
5ξ4
r40
]
+Wξ cos θ cos(ϕ− ωt) (6e)
ϕ˙ = Pϕ/ sin
2 θr20µ
[
1− 2ξ
r0
+
3ξ2
r20
− 4ξ
3
r30
+
5ξ4
r40
]
(6f)
P˙ϕ = −W sin θ sin(ϕ− ωt) (6g)
where ωo = a
√
2D/µ. Equations (5) and (6) are solved
through Runge-Kutta at fourth order method. We will
focus our study with the molecules Berilyum Oxide
(BeO), Carbon Monoxide (CO) , and Cyanide (CN),
where the parameters which characterize these molecules
are shown on next table. The regular and chaotic be-
havior of the molecule is determined by the root square
of its spectrum,
√
I(ν), that is, the Fourier transforma-
tion of its time evolution in the ξ coordinate, although
we also checked this behavior using the phase space pic-
ture (ξ, Pξ), stroboscopic map of the space (ξ, Pξ), and
the Lyapunov’s exponent (λ). The parameter W c shown
on the table indicates the strength of the electric field
for the system becomes chaotic (W ce corresponds to the
dynamical system (5), and W c4 corresponds to the dy-
namical system (6)). Figure 1 shows the squared root of
the spectrum for the regular (only peaks) behavior of the
molecules, and Figure 2 shows the chaotic (continuous
component in the spectrum) behavior of the molecules.
CO BeO CN
D(eV ) 4.74 5.24 9.49
a (1/
◦
A) 1.93 2.12 2.32
µ (u) 6.85 5.76 6.46
ωo (
√
eV/u/
◦
A) 2.27 2.85 3.97
r0 (
◦
A) 1.37 1.27 1.14
W ce (u
◦
A /s2) 1.30 1.50 3.50
W c4 (u
◦
A /s2) 1.30 1.50 3.50
TABLE I. Characteristics of the three diatomic molecules
For an amplitude of the electric field such that W < W ce,4,
the behavior of the molecule is regular, and this is shown
on Fig. 1 where the root square of the power spectrum,√
I(ν) of the time depending variable ξ(t) is presented.
For and electric field magnitude such that W ≥ W ce,4
the behavior of the molecule is chaotic, as it is shown on
Fig. 2, where the plot shows a continuous component
of the spectrum. The critical value W c for onset the
chaotic motions depends on the molecule, and it does
not depend on the approximation made, up to the third
digit (which is not considered here). The critical value
W c is denoted as W ce for the exact case and W
c
4 for the
4th-order approximation. These critical values are shown
on the table. We need to point out that the onset of
chaotic behavior of the molecules was also determined
through Lyapunov’s exponent [31], the stroboscopic map
in the ξ-phase space [32], and detecting the sensibility of
the system under initial conditions (not shown on this
paper).
III. QUANTUM ANALYSIS
Due to the very good agreement of the dynamics with
the fourth order approximation, we will use this ap-
proximation (4) to study the quantum dynamics of the
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FIG. 1. Regular behavior of diatomic molecules BeO, CO,
and CN .
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FIG. 2. Chaotic behavior of diatomic molecules BeO, CO,
and CN .
molecules and to solve the Scho¨dinger’s equation
i~
∂|Ψ〉
∂t
= Ĥ4 |Ψ〉, (7)
where ~ is the (2pi) Planck’s constant , Ĥ4 is the Hermi-
tian linear operator associated to the classical Hamilto-
nian (4), and |Ψ〉 is the wave function. This Hamiltonian
can be written as a part which is independent on time
plus a part that has, in addition, all time dependence,
Ĥ4 = Ĥ00 + Ĥ0 + V̂ (t), (8)
where it follows that
Ĥ00 =
P̂ 2ξ
2µ
+
1
2
µω2oξ
2 +
L̂2
2µr20
, (9a)
Ĥ0 =
L̂2
2µr20
[
− 2ξr0 +
3ξ2
r20
− 4ξ3
r30
+ 5ξ
4
r40
]
(9b)
− a3Dξ3 + 712a4Dξ4 ,
and
V̂ (t) = −Wξ sin θ cos(ϕ− ωt). (9c)
Consider the expansion of the wave function of the
wave function |Ψ〉 in terms of the basis {|nlm〉},
|Ψ(t)〉 =
∑
n,l,m
Cnlm(t)e
−iEnlt/~|nlm〉, with
∑
nlm
|Cnlm(t)|2 = 1,
(10)
where n, l ∈ Z+ and −l ≤ m ≤ l, and the basis is such
that
(
P̂ 2ξ
2µ
+
1
2
µω2o ξ̂
2
)
|nlm〉 = ~ωo(n+ 1/2)|nlm〉, (11)
L̂2|nlm〉 = ~2l(l + 1)|nlm〉, (12)
and the energies Enl are given by
Enl =~ωo(n+ 1/2) +
~2
2µr2o
l(l + 1) +
3~3
4µ2r4oωo
l(l + 1) (2n+ 1)
+
[
7
12
a4De+
5~2
2µr6o
l(l + 1)
] [
~
2µωo
]2
3(2n2 + 2n+ 1) .
(13)
After substituting (10) in (7) , doing some re-
arrangements, and using the orthogonality relation
〈n′l′m′|nlm〉 = δn′nδl′lδm′m, the equation for the coef-
ficients are
i~ω C˙n′l′m′(τ) = (14)∑
n′l′m′ 6=nlm e
i(En′l′−Enl)τ/~Ω Cnlm(τ) 〈n′l′m′| Ĥ0 + V̂ (τ) |nlm〉 ,
where we have made the definition τ = ωt.
Once the matrix elements are calculated, the final dy-
namical system is given by
(see appendix A)
4i~ω C˙n′l′m′(τ) = A1 Cn′+1 l′ m′ e
i
(
E
n′l′−En′+1 l′
~ω
)
τ
+A2 Cn′−1 l′ m′ e
i
(
E
n′l′−En′−1 l′
~ω
)
τ
+A3 Cn′+2 l′ m′ e
i
(
E
n′l′−En′+2 l′
~ω
)
τ
+A4 Cn′−2 l′ m′ e
i
(
E
n′l′−En′−2 l′
~ω
)
τ
+A5 Cn′+3 l′ m′ e
i
(
E
n′l′−En′+3 l′
~ω
)
τ
+A6 Cn′−3 l′ m′ e
i
(
E
n′l′−En′−3 l′
~ω
)
τ
+A7 Cn′+4 l′ m′ e
i
(
E
n′l′−En′+4 l′
~ω
)
τ
+A8 Cn′−4 l′ m′ e
i
(
E
n′l′−En′−4 l′
~ω
)
τ
+B1 Cn′+1 l′+1 m′−1 e
i
(
E
n′l′−En′+1 l′+1
~ω −1
)
τ −B2 Cn′+1 l′−1 m′−1 e
i
(
E
n′l′−En′+1 l′−1
~ω −1
)
τ
+B3 Cn′+1 l′−1 m′+1 e
i
(
E
n′l′−En′+1 l′−1
~ω +1
)
τ −B4 Cn′+1 l′+1 m′+1 e
i
(
E
n′l′−En′+1 l′+1
~ω +1
)
τ
+B5 Cn′−1 l′+1 m′−1 e
i
(
E
n′l′−En′−1 l′+1
~ω −1
)
τ −B6 Cn′−1 l′−1 m′−1 e
i
(
E
n′l′−En′−1 l′−1
~ω −1
)
τ
+B7 Cn′−1 l′−1 m′+1 e
i
(
E
n′l′−En′−1 l′−1
~ω +1
)
τ −B8 Cn′−1 l′+1 m′+1 e
i
(
E
n′l′−En′−1 l′+1
~ω +1
)
τ
(15)
The meaning of |Cnlm(τ)|2 is, of course, the probabil-
ity of having the molecule in the sate |nlm〉 at the nor-
malized time ”τ .” The complex dynamical system repre-
sented by the equations (15) is solved using Runge-Kutta
method at fourth order. Once the solution is obtained,
the Wigner function (see appendix B) is calculated at the
end of the considered evolution (τ = 20),
W (ξ, p
ξ
, τ) =
1
pi~
∫
Re
Ψ∗(ξ + s, τ)Ψ(ξ − s, τ)e−i2pξs/~ds,
or
W (ξ, p
ξ
, τ) =
1
~pi
∑
nn′lm
C∗nlm(τ)Cn′lm(τ)
√
2nn!
2n′n′!
(−1)n′
×Ln′−nn
[
2
(
µωo
~2
ξ2 +
p2
ξ
~2
)]
×
(
−
√
µωo
~
ξ +
ip
ξ
~
)n′−n
(16)
×
√
µωo
~
e
−
(
µωo
~ ξ
2+
p2
ξ
~
)
,
and the Boltzmann-Shannon (BS) entropy is also calcu-
lated,
S(τ) = −
∑
nlm
|Cnlm(τ)|2 ln |Cnlm(τ)|2, (17)
with its average value,
〈S(τ)〉 = 1
T
∫ T
0
S(τ)dτ, (18)
where T is the total normalized time evolution of the
quantum system.
IV. NUMERICAL RESULTS OF THE
QUANTUM CASE
Using the data shown on above table for the molecules
BeO, CO and CN , we solve the dynamical system (14)
for l = 2, and −2 ≤ m ≤ 2 and n=4, having a total num-
ber of forty five quantum states. The initial conditions
were chosen as C000(0) = 1, Cnlm(0) = 0 for n 6= 0, l 6= 0
, and m 6= 0 (the system is initially in the ground state).
We select the non resonant case ω = ωo with ϕ = 0 as the
characteristics of the electric field, and we chose the nor-
malized time τ = 20 (end of the evolution) to calculate
the Wigner function. For an electric strength such that
W < W c4 , the Wigner function is shown on Figures 3,
which correspond to the regular classical dynamics. As
one see, the system tends to be in the origin of the phase
space (maximum of the Wigner function).
For an electric field strength W ≥W c4 , the Wigner func-
tion and the BS entropy are shown on Figures 4 and 5
below. As one can see, the system try to move away
from the center of the phase space, forming a very local
minimum of the Wigner function.
Figure 6 shows the BS entropy for the BeO molecule
for the regular classical behavior (W = 0.1), for its criti-
cal behavior (W = 1.5), and for its upper critical behav-
ior (W = 2.5). Classical regular behavior corresponds to
almost constant BS entropy (after a fast increasing) in
the quantum case, meanwhile classical chaotic behavior
corresponds to almost a linear increasing in BS entropy
(after the same fast increasing), that is, more quantum
information is lost or the quantum system become more
disordered (more states increases their role in the quan-
tum dynamics).
Figure 7 shows the average value of the BS entropy
as a function of the electric field strength W , with and
normalized time T = 20. The first jump occurs just at
W = W c4 found in the classical case when chaotic classi-
cal dynamics starts. Then, a quantum signature of this
classical phenomenon correspond to a sudden increase of
5FIG. 3. Wigner function of the molecules CO, BeO, CN for W = 0.1 (from left to right)
FIG. 4. Wigner function for CO (W c = 1.3), BeO (W c = 1.5), and CN (W c = 3.5).
FIG. 5. Wigner function for CO (W = 3.0), BeO (W = 2.5), and CN (W = 5.0).
6the BS entropy (sudden lost of quantum information).
However, there are another jumps for W > W c4 , indicat-
ing that another sudden lost of information has occurred
at this value. In turns, this also indicates that at the clas-
sical case there must be a different chaotic behavior from
the previous already seen. To check this implication, we
calculate the squared root of the power spectrum,
√
I(ν),
for the BeO molecule and for the cases: 1.5 ≤ W < 2.5
(first chaotic behavior), 2.5 ≤ W < 5.5 (second chaotic
behavior), and for W ≥ 5.5 (third chaotic behavior), and
the result are shown on Figure 8. As one can see, effec-
tively, the there are a second and third chaotic classical
behaviors which have a wider continuous component in
the spectrum (we point our that the same feature was
observed with the CN and CO molecules, not shown on
this paper).
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FIG. 6. BS entropy for the BeO molecule.
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FIG. 7. Average time of BS entropy versus electric field am-
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Then this result indicates that one can use average BS
entropy to determine the magnitude of the parameter W
at which the classical chaos may appears. In addition
and due to other jumps on the average BS entropy, it
seems that it can help to classify different type of classical
chaos of the system. To see this, we compared the chaotic
behavior of the BeO molecule at W c = 1.5, 2.5, and 5.5.
For these two former values, the classical system is more
sensitive to initial conditions (not shown here), a positive
Lyapunov’s exponent appears earlier (not shown here),
the Wigner function is totally different (see Figures 4 and
5), and the spectrum has more continuous component
(see next Figure) compared with the first chaotic value
W = 1.5.
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FIG. 8. Chaotic behavior comparison for the BeO molecule.
V. CONCLUSIONS
We have studied the classical chaotic behavior of the
diatomic molecules BeO, CO and CN under a polar-
ized time depending electric field, where the critical field
strength W c was found with the exact Morse’s poten-
tial (W ce ), and with its approximation at fourth order
(W c4 ). Both values are close enough to consider that the
approximation at fourth order is very good to study the
quantum behavior of the molecules with it. We made
the quantization of the system within this approxima-
tion and used the Wigner function and BS entropy to
see their quantum signature when the classical system
becomes chaotic. We observed that the maximum of the
Wigner function move away from the center of the phase
space when the classical system becomes chaotic. On
the other hand, the BS entropy has a linear increasing
with respect to time when the classical system becomes
chaotic, and it is almost constant when the classical sys-
tem has a regular behavior. In addition, the average BS
entropy suffers a jump just at the W c4 value, when the
classical system becomes chaotic. This indicates a sud-
den lost of quantum information, and as the electric field
strength becomes higher than W c4 , another jumps of the
average BS entropy are found, indicating a further lost in
quantum information, and the existence of qualitatively
different classical chaotic behaviors in the classical case.
This was stated here using the spectrum of the system,
where a qualitatively different spectra were found with
wider continuous components. This study suggests that
the average BS entropy in the quantum system could be
used to determine the critical value for the classical sys-
7tem to becomes chaotic, and also it suggests that the
average BS entropy could be used to determine different
classical chaotic behaviors.
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Appendix A: Coefficients appearing on dynamical
system
The A’s and B’s constants named before have the
following values according to the matrix elements:
A1 = − ~
2
µr3o
l′(l′ + 1)
√
~(n′ + 1)
2µωo
−
[
2~2
µr5o
l′(l′ + 1) + a3D
] [
~
2µωo
]3/2
3(n′ + 1)
√
n′ + 1
A2 = − ~
2
µr3o
l′(l′ + 1)
√
~ n′
2µωo
−
[
2~2
µr5o
l′(l′ + 1) + a3D
] [
~
2µωo
]3/2
3 n′
√
n′
A3 =
3
4
~3
ωoµ2r40
l′(l′ + 1)
√
(n′ + 2)(n′ + 1)+
+
[
5~2
2µr60
l′(l′ + 1) +
7
12
a4D
] [
~2
2µωo
]2
×
√
(n′ + 2)(n′ + 1)(4n′ + 6)
A4 =
3
4
~3
ωoµ2r40
l′(l′ + 1)
√
n′ (n′ − 1)
+
[
5~2
2µr60
l′(l′ + 1) +
7
12
a4D
] [
~2
2µωo
]2
×
√
n′ (n′ − 1)(4n′ − 2)
A5 = −
[
2~2
µr5o
l′(l′ + 1) + a3D
] [
~
2µωo
]3/2
×
√
(n′ + 3)(n′ + 2)(n′ + 1)
A6 = −
[
2~2
µr5o
l′(l′ + 1) + a3D
] [
~
2µωo
]3/2
×
√
n′ (n′ − 1)(n′ − 2)
A7 =
[
5~2
2µr60
l′(l′ + 1) +
7
12
a4D
] [
~2
2µωo
]2
×
√
(n′ + 4)(n′ + 3)(n′ + 2)(n′ + 1)
A8 =
[
5~2
2µr60
l′(l′ + 1) +
7
12
a4D
] [
~2
2µωo
]2
×
√
n′(n′ − 1)(n′ − 2)(n′ − 3)
B1 =
W
2
√
~
2µωo
√
n′ + 1
√
(l′ −m′ + 2)(l′ −m′ + 1)
(2l′ + 3)(2l′ + 1)
B2 =
W
2
√
~
2µωo
√
n′ + 1
√
(l′ +m′ − 1)(l′ +m′)
(2l′ − 1)(2l′ + 1)
B3 =
W
2
√
~
2µωo
√
n′ + 1
√
(l′ −m′ − 1)(l′ −m′)
(2l′ − 1)(2l′ + 1)
B4 =
W
2
√
~
2µωo
√
n′ + 1
√
(l′ +m′ + 1)(l′ +m′ + 2)
(2l′ + 3)(2l′ + 1)
B5 =
W
2
√
~
2µωo
√
n′
√
(l′ −m′ + 2)(l′ −m′ + 1)
(2l′ + 3)(2l′ + 1)
B6 =
W
2
√
~
2µωo
√
n′
√
(l′ +m′ − 1)(l′ +m′)
(2l′ − 1)(2l′ + 1)
B7 =
W
2
√
~
2µωo
√
n′
√
(l′ −m′ − 1)(l′ −m′)
(2l′ − 1)(2l′ + 1)
B8 =
W
2
√
~
2µωo
√
n′
√
(l′ +m′ + 1)(l′ +m′ + 2)
(2l′ + 3)(2l′ + 1)
Appendix B: Wigner distribution function
The Wigner distribution is given by
W (X,P, τ) =
1
~pi
∫
Ω×R
Ψ∗(X + Y, τ)Ψ(X − Y, τ)e2iPY/~dY dΩ
=
1
~pi
∑
nlm6=n′l′m′
C∗nlm(τ)Cn′l′m′(τ)
∫
Ω
Y ∗lmYl′m′dΩ
×
∫
R
ψ∗n(X + Y )ψn′(X − Y )e2iPY/~dY
=
1
~pi
∑
nn′lm
C∗nlm(τ)Cn′lm(τ)
×
∫
R
ψ∗n(X + Y )ψn′(X − Y )e2iPY/~dY .
where Ψ = Cnlm(τ) Ynlm ψn with Ynlm as spherical har-
monics and ψn the wave function of harmonic oscillator.
The wave function for harmonic oscillator is
ψn =
1√
2nn!
(µωo
~pi
)1/4
e−
µωo
2~ X
2
Hn
(√
µωo
~
X
)
,
where Hn are the Hermit polynomials. Let X˜ and an be
defined as
X˜ =
√
µωo
~
X
an =
1√
2nn!
(µωo
~pi
)1/4
.
8Then, the wave function can be written as
ψn(X) = an e
− X˜22 Hn(X˜) .
In order to know the complete form of Wigner distribu-
tion we have to calculate
∫
R
ψ∗n(X + Y )ψn′(X − Y )e2iPY/~dY ,
with the above harmonic oscillator’s wave function.
∫
R
ψ∗n(X + Y )ψn′(X − Y )e2iPY/~dY
= e−X˜
2
∫ ∞
−∞
e−Y
2
Hn(X˜ + Y )Hn′(X˜ − Y )e2iPY/~dY
= e−X˜
2
∫ ∞
−∞
e−[(Y−iP/~)
2+P 2/~2]Hn(X˜ + Y )Hn′(X˜ − Y )dY
= e−(X˜
2+P 2/~2)
×
∫ ∞
−∞
e−(Y−iP/~)
2
Hn(X˜ + Y )Hn′(X˜ − Y )dY ,
Let Z be defined as Z = Y − iP/~. So, the last integral
can be written as
∫ ∞
−∞
e−Z
2
Hn(X˜ + Z + iP/~)Hn′(X˜ − Z − iP/~)dZ.
Using the relation Hn(−x) = (−1)n Hn(x), we have
∫ ∞
−∞
e−Z
2
Hn(Z + X˜ + iP/~)Hn′(Z − X˜ + iP/~)dZ
With α1 and α2 being defined as α1 = X˜ + iP/~ and
α2 = −X˜ + iP/~ , it follows that
∫ ∞
−∞
e−Z
2
Hn(Z + α1)Hn′(Z + α2)dZ =
(−1)n′2npin! αn′−n2 Ln
′−n
n (−2α1α2)
which is given in terms of our original variables as
∫
R
ψ∗n(X + Y )ψn′(X − Y )e2iPY/~dY =√
2nn!
2n′n′!
(−1)n′Ln′−nn
[
2
(
µωo
~2
X2 +
P 2
~2
)]
×
(
−
√
µωo
~
X +
iP
~
)n′−n√
µωo
~
1
~pi
e
−
(
µωo
~ X
2+P
2
~
)
Finally, the Wigner is written in terms of the wave coef-
ficients as
W (X,P, τ) =
1
~pi
∑
nn′lm
C∗nlm(τ)Cn′lm(τ)
√
2nn!
2n′n′!
(−1)n′Ln′−nn
[
2
(
µωo
~2
X2 +
P 2
~2
)]
×
(
−
√
µωo
~
X +
iP
~
)n′−n√
µωo
~
e
−
(
µωo
~ X
2+P
2
~
)
.
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